In this paper we generalize the main results from [8, 12, 13] about cohomological dimensions and the homological type FP m of a normal subgroup of a group G with some finiteness properties (in both discrete and profinite cases) and treat the module versions of the same results. The proofs of the main results of [12, 13] use methods from Bieri-Renz-Strebel Σ-theory and L 2 -methods for Hilbert modules to resolve a conjecture due to E. Rapaport Strasser about knot-like groups G: if the commutator G is finitely generated then it is free. In [11] J. Hillman proved that the Rapaport Strasser Conjecture holds under the assumption that the commutator G is of type FP 2 . Later on, using techniques from Σ-theory, it was shown in [12] that if the Novikov ring ZG χ associated to a discrete character χ : G → Z is von Neumann finite (i.e. left inverse is right inverse and vise versa) then the commutator G is of type FP 2 . The proof of the Rapaport Strasser Conjecture was completed in [13] by showing that the Novikov ring ZG χ for a discrete character χ of an arbitrary finitely generated group G is always von Neumann finite. This was recently extended by R. Bieri to the case of non-discrete characters χ of G [2] .
Preliminaries

Σ-invariants and Novikov rings
Let R be an abstract ring. We say that an abstract R-module A is of type FP m if there is a projective resolution of A with all projectives in dimension at most m finitely generated. An abstract group G is of type FP m if the trivial ZG-module Z is of type FP m . It is easy to see that G is finitely generated if and only if G is of type FP 1 .
For a finitely generated group G the character sphere S(G) is the set of equivalence classes [χ] of characters χ ∈ Hom(G, R) \ {0}, where [χ] = R >0 χ. For a finitely generated (right) ZG-module A and G χ = {g ∈ G | χ (g) . There is a strong link between the Σ-invariants and the Novikov ring associated to a real character, this was first observed in [22] . For non-zero real character χ of G the Novikov ring ( ZG) χ contains the (possibly infinite) formal sums g∈G,z g ∈Z z g g such that for every natural number j the set {g ∈ G | z g = 0, χ (g) ≤ j} is finite. By [3, Appendix B] or by [2, Appendix] [χ] ∈ Σ m (G, A) if and only if Tor 
L 2 -Betti numbers
The L 2 -Betti numbers of groups and spaces are powerful analytic invariants, see [18] . There is an algebraic way to define the L
-Betti numbers for
where (2) i (G) ≤ rk(P i ) for i ≤ m and dim is the extended dimension function defined in [17] .
In [7] it was conjectured that a compact aspherical manifold that is fibered over the circle has trivial L 2 -Betti numbers and later on this was proved in [16] , [18, Thm. 1.39] . Actually the same proof gives that if G is a group of type FP m with a normal subgroup N of type FP m such that G/N Z then the L 2 -Betti numbers b (2) i (G) = 0 for i ≤ m. This was already observed in dimension m = 1 in [11, Lemma, p.273] . Indeed Q = G/N is a group with a tower of subgroups of finite indices
If N has a free resolution with free modules of rank r i in dimension i, r 0 = 1 and r i finite for i ≤ m then G j has a free resolution with free modules of rank r i +r i−1 in dimension i, where r s = 0 for s < 0. In particular 0 ≤ b (2) 
The same works for Q Z n since G has a free resolution with free modules of rank r i + n 1
Profinite modules
Let S be a profinite ring and A be a (right) profinite S-module. We say that A is of type FP m if A has a profinite projective resolution as a profinite S-module with all projectives finitely generated in dimension less than or equal to m. A profinite group G is said to be of type FP m over a profinite ring R if the trivial profinite R[ [G] 
By going down to a subgroup of finite index we can assume that Q Z n . Then as observed in Section 1.2, b
Thus χ(X) = 0 and by [11, 
is abelian and infinite;
2. the ZG-module A has a free resolution 
If in addition A is infinite and N acts trivially on A then (d) N has type FP ∞ and is of finite cohomological dimension cd(N)
and
By (2) and (3) Ker(∂ m+1 ) is the kernel of a surjective endomorphism of ( ZG) 
Comparing the degrees of the differentials in the spectral sequence we get that E k,s
Thus if Ext
s ZN (Z, ZN) ⊗ Z Ext k ZQ (A, ZQ ) = 0 we have pd ZG (A) ≥ k + s, hence pd ZG (A) = k + s.
Finally if N is a Poincare duality group Ext
s ZN (Z, ZN) Z we get Ext k ZQ (A, ZQ ) ⊗ Z Ext s ZN (Z, ZN) Ext k ZQ (A, ZQ ) = 0. If A is self-dual then Ext k ZQ (A, ZQ ) A has a summand isomorphic to Z, so Ext k ZQ (A, ZQ ) ⊗ Z Ext s ZN (Z, ZN) = A ⊗ Z Ext s ZN (Z, ZN) has a summand isomorphic to Z ⊗ Z Ext s ZN (Z, ZN) Ext s ZN (Z, ZN) = 0.
Modules over profinite groups with p-adic analytic quotients
In this section we treat a profinite version of Theorem 2. For a profinite group G and a profinite Z p [ G that contains N we can suppose that G/N is a powerful pro-p 
G/N is an infinite p-adic analytic profinite group;
the trivial (right) Z p [[G]]-module A has a free (profinite) resolution
P : · · · → P i → P i−1 → · · · → P 0 → A → 0(a) pd Z p [[N]] (A) ≤ m and pd Z p [[G]] (A) ≤ m + 1; (b) χ Z p [[G]] (A) = 0≤i≤m+1 (−1) m+1−i α i = 0; (c) A
Furthermore if N acts trivially on A and if H k (N, F p ) is finite and non-zero for k
= min{cd p (N), pd Z p [[G]] (A)} then (d) N is of type FP ∞ over Z p , cd p (N) and vpd Z p [[G/N]] (A) are finite and pd Z p [[G]] (A) = vpd Z p [[G/N]] (A) − cd p (N); (e) if furthermore pd Z p [[G/N]] (A) is finite then 0 = χ Z p [[G]] (A) = χ Z p [[G/N]] (A)χ p (N), in particular if χ p (N) = 0 we have χ Z p [[G/N]] (A) = 0.
Proof. By going down to a subgroup of finite index in
Since S is a skew field, counting dimensions over S, we get that
Then ∂ m+1 ⊗ id S is injective and consequently ∂ m+1 is injective. In particular Tor
A similar argument substituting S with the skew ring of fractions of
for an open subgroup U 1 of G, hence we can substitute G with U 1 and N with U and repeat the argument from the previous paragraph to obtain Tor 
Extension properties of profinite groups of type FP m : A profinite version of Brown criterion and some auxiliary results on profinite groups
In [6] it was shown that if an abstract group H acts on a CW complex Y with cell stabilizers that fix the cells pointwise, the stabilizer in H of any cell of dimension i ≤ m has homological type FP m−i , Y is (m − 1)-acyclic and H acts cocompactly on the m-skeleton of Y then H has homological type FP m . A homotopical version of this result can be found in [23] and here we give a homological version for profinite modules over completed group algebras of profinite groups. 
Lemma 1. Let S be a profinite ring and
P : · · · → P i ∂ i −→ P i−1 −→ · · · ∂ 1 −→ P 0 ∂ 0 −→ A → 0(→ Im(∂ i+1 ) = Ker(∂ i ) → P i → Im(∂ i ) → 0 for i ≤ m − 1P : · · · → P i ∂ i −→ P i−1 −→ · · · ∂ 1 −→ P 0 ∂ 0 −→ A → 0 with P i ⊕ j∈J i R ⊗ R[[H i,j ]] R[[G]], H i,Proof. Let P : · · · → P i → P i−1 → · · · P 0 → A → 0
